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SUMJARY

A compartmental model is presented for tracer experiments with a fixed
and known amount of tracer material which is injected initially into a single
compartment and accumulates in another compartment. The model could also arise
as a description of chemical reactions. The model is represented as a system
of linear combinations of exponentials with common exponential parameters.

Then a simultaneous estimation procedure, which is a generalization of the
Spearman estimation procedure presented by Johnson and Brown [1961] for a single
equation, is developed for this model under the assumption that the values of
the independent variable in the model are equally spaced on a logarithmic

scale. Asymptotic properties of the estimation procedure are investigated and

an example is given.

*
This investigation was part of the doctoral research of John J.

Beauchamp at Florida State Uaiversity. It was supported by Public Health
Service fellowship 5-F1-GM-15,632-03 and training graht 5T1 GM-913 from the
National Institute of General Medical Sciences, and by NASA grant number
NGR 10-004-029. :




-2 -
1. INTRODUCTION

Data from tracer experiments often are represented by the model

n -\ x
Y..= X O, e lk J + +e,.,
1y a1 ik i,n+1 ij

(1.1)

where Yij and eij represent random variables associated with the jth observation
,th . . ,
on the i~ equation, 1=1,2,...,n,xj represents an independent variable, and the
Q,
i

k's and lk's are parameters inherent in the experimental situation. This

model, with certain relationships specified among the ¢ . coefficients, is

ik
presented in Section 2 for tracer experiments which can be represented by a
compartmental model with a fixed and known amount of tracer which is injected
into the first compartment initially and then accumulates in a second compart-
ment. In Section 3 an estimation procedure is developed for this tracer experi-
ment model when the x;sareequally spaced on a logarithmic scale. Although
the model is developed for tracer experiments here, it could also arise, for
instance, as a model for chemical reactions such as those discussed by Box and
Draper [1965].

Since the exponential parameters kl,lz,...,kn appear in each one of
the regression equations of (1.1), we make use simultaneously of all of the
observations on all of the equations being studied to estimate these parameters.
Beauchamp and Cornell [1966], Turner et al [1963], and Zellner [1962] present
simultaneous least squares estimation procedures. However, Zellner considers
only linear regression equations, Turner et al assume that the covariance matrix
of the eij is known, and the procedures in Turner et al, and Beauchamp and Cornell,
are often difficult to compute. Therefore the procedure presented here provides

a simple alternative to t he least squares procedures or can be used to compute

initial estimates for such procedures. The estimation procedure presented in
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Section 3 is a generalization of the Spearman estimation technique presented by
Johnson and Brown [1961], who considered the estimation problem for n=1 and

a10= -a11= 1 in equation (1.1), that is, for a single equation simple exponential
regression model. 1In Section 4 some of the asymptotic properties of the estimators
found by the procedure developed in Section 3 are stated. An example showing the

application of the procedure for a particular regression model is given in Section

5.

2. MODELS

The use of radioactive tracer material is an example of an experimental
situation which yields data that may be described by the set of regression equations
given by (1.1). Berman and Schoenfeld [1956] and Sheppard [1962] have discussed
the formulation of mathematical models for such experiments. In a biological
experiment these formulations represent an organism by several chemical states
or sites of a physiological substance designated as compartments. It is assumed
that there are fixed transition probabilities or turnover rates from one compart-
ment to another, and the whole system is assumed to be in steady state. The
turnover rates are also assumed to be proportional to the amounts of material
in the compartments. The mammillary and catenary systems are two examples of
compartmentalized systems in steady state and Sheppard [1962] gives a detailed
discussion of these systems. These models may be formally described as follows:
(1) The catenary system involves (n+l) compartments that may be thought of as
arranged in a chain-like manner where each compartment has non-zero transition
rates only with the compartments adjacent to it.
(2) The mammillary system involves n peripheral compartments that have turnover
rates with a central compartment but no turnover between the n peripheral

compartments.
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If we want to consider the expected values of our observations as being
continuous functions of the independent variable, then we denote this by writing

¥ in place of x,, that is, x denotes any arbitrary value and xj represents a

j’
particular fixed value. From the discussion in the preceding paragraphs, the
following set of differential equations is formed to describe the general (n+l) -

compartmental problem:

dE[Yi(x)] n+l
— = TiiE[Yi(x)] + 1:1 'rihE[Yh(s)] (2.1)
hti

for i=1,2,...,n+l, where E[Yi(x)] is the expected amount of labeled material in
the ith compartment at time x, Tih is the fractional amount of material in the

th .th . .
h™" compartment flowing to the i  compartment per unit time, and

Berman and Schoenfeld [1956] show that the solution to (2.1) is

n+l -lkx
Ely.(x)]1 = = a,e (2.2)
i k=1 ik

1k are functions of the Tih and the

initial conditions of the experiment. Let 7 be an (n+l) X (n+l) matrix whose

for i=1,2,...,n+l, where the coefficients

diagonal elements are given by Tii and off diagonal elements are given by - Tihe
Then AI’AZ""’An+1 are the characteristic roots of 7. Throughout this paper
we assume that the characteristic roots of T are real and distinct.

From equation (2.2) we note that the number of exponential terms in each
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equation is determined by the number of nonzero characteristic roots of 1, which
is either n or nt+l when these roots are distinct and which is also equal to the
rank of t. By investigating the matrix T for the genmeral (n+l) - compartment
catenary and mammillary systems, we can show that the rank of 7 is equal to n,
so exactly one A, say ln+l’ is zero. 1In addition, when the amount of tracer
material in the system is fixed and known, we can express the system of equations
given in equation (2.2) in terms of new quantities which represent the proportions

of labeled material in the compartments at time x. 1In this instance there are

only n independent equations in (2.2) since

n+l

z ElY (»)]

i=1
is fixed for all x. We also impose the following conditions: (1) E[Yl(O)] =
E[Y2(+ ®)] =1 and (2) E[Y1(+ w)] = E[YZ(O)] = 0, which would be satisfied by
an (nt+l) - compartment catenary or mammillary system where a fixed amount of
tracer material is injected into the first compartment of the system and is
allowed to accumulate in the second compartment of the system. We may now
combine the above discussion into the following theorem:
Theorem 1: The regression model used to describe the general (n+l) - compart-
ment catenary or mammillary systems, when a fixed and known amount of tracer
material is injected into the first compartment and accumulates imn the second
compartment of the system, is given by the model in equation (1.1) with the
following relations satisfied by the coefficients of (l.1):

(1) al’.n_'_l: 0; oy = 1l-0y,- a12""'a1,n-1 s

(2) Oy (=15 Fgp = = Ok Qppte 4 0y 1+ % i)

- (Lo )



3 ai,n+1 = 0 for i=3,4,...,n,

(4) @ = = (@ Oy phen oty ) fOT i=3,4,. .0

During the development of the estimation procedure given in the next
section, the only assumption that we need to make about the random variables
eij is that E(eij) = 0 for all i and j. However, additional assumptions are

needed in order to investigate some of the asymptotic properties of the estimators

found by this procedure and these assumptions are given in Section 4.

3. GENERALIZED SPEARMAN ESTIMATION
In this section we develop an estimation procedure for equally spaced
x values on a logarithmic scale, which is a generalization of the Spearman estimation
procedure presented by Johnson and Brown [1961], to estimate the parameters in
the regression model given in Theorem 1. We assume here that the independent
variable is of the form x = exp(z). From Theorem 1 we note that the regression

equations of our model are of two different types:

n-1
z z
= - - . .. Y .
E[Yi(z)] ki& aikexp( lke ) + (1 Ayq=eee ai,n-l)eXP( 0 ) , (3.1)
i=1,2;
n-1 z .
E[Yi(z)] = kia aikexp(-kke ) - (ail+...+ain-l)exp(-kne ), (3.2)
i=3,4,...,n. Then consideration of equation (3.1) and the integral
) o]
u§s = [aly ()], (3.3)
=00

for s=1,2,...,n, leads, after extensive algebra, to the relationship
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1 n- 1A1 K A+ K, i,n- 3A3+ + K, 1An 1 An = -Km R (3.4)

i=1,2, where

Kj1 © “§1)+ L

Kiz f H§2)+ 12- ZIlKil

Kin = (n)+ Lo DI K" QI Ky TRy i1
I = éw(ﬂnt)he-tdt, h=1,2,...,n,

and the Ar,r=1,2,...,n, are the n elementary symmetric functions of the ank

That is, At equals the sum of all possible products of the terms ank taken

r at a time. Also, equations(3.2) and (3.3) can be used to show that

Rin-tMF Ky qoofy oot Kiph ob KigAi) = Kin o (3.5)
i=3,4,...,n, where

Kip1 = “gl)

Kip = “§2)' 21Ky

Kin . “gn)' (DI Rfp~ T Kip=e- G-I i,n-1

and Ih and A.r are defined above. The detailed algebra leading to (3.4) and
(3.5) is given by Beauchamp [1966].
From the set of linear equations in the Ar's given by (3.4) and (3.5),

1
we solve for the quantities A1,A2,...,Ah in terms of the K's and K 's. Using
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these solutions we proceed to solve for fn) Bnlz,...,tnln, by applying the

1)

same technique as discussed by Cornell [1962], that is, we obtain the n roots

of the polynomial

LR T R .+(-1)“'1An

. 5 v o+ (-1)“./\n =0 . (3.6)

-1

These roots, say w, ,k=1,2,...,n, are related to the Rk parameters by Ak= exp(wk),

k’

where the ordering of the lk‘s is arbitrary. We note that the solutions for

1 1)
lk,k=l,2,...,n, are functions of the K's and K 's, which, in turn, are functions

of known constants and the unknown quantities “gs) for i,s=1,2,...,n. Hence,
in order to obtain estimators of the exponential parameters we need only to
propose estimators for the ués).

The observations for each regression equation of our model are taken in
a manner similar to that discussed by Johnson and Brown [1961], that is, for an
0dd number of observations the values of the independent variable are given by
Zj =z, + jd where j=0,%1,*2,...,iM, and for an even number of observations the
values of the independent variable are given by zj =z + d(j+%) for j=0,%f1,*2 ...,
th

*(M-1),-M. Let y.. represent the value of the jth observation on the i
) le

equation. Then by considering the definition of a Riemann-Stieltjes integral,

we take as an estimator of uis) the sum
~ N-1 ,z 4z, s
(s) _ gl 3.7
My oz 3 Ayij s (3.7)

where Ayij= yi,j+1- yij,z, has been defined earlier, and N=M-1 if an even number

of observations is taken and N=M if an odd number of observations is taken. We

assume that M is large enough so that Y M
J

= E[Yi(-W)] and i N " E[Yi(oo)].
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(s)

Then by using the estimators of e

given by (3.13) in the expressions for
the K's and K"s, we obtain our estimators of the Ki,k=1,2,...,n.

Next we want to estimate the coefficients or linear parameters in our
regression model. To obtain these estimators we substitute the estimators of the
kk, found by the generalized Spearman estimation procedure described above, into
our set of n independent regression equations. After doing this we have a set
of n regression equations which are linear in the unknown coefficients aik'
Therefore, to estimate these coefficients we use the weighted least squares
procedure as given by Zellner [1962] if it is reasonable to assume that the
covariance matrix of the random variables eij is known apart from a constant
multiplier. Otherwise, we apply a weighted least squares procedure using an
estimated covariance matrix as discussed by Beauchamp and Cornell [1966] and
Telser [1964]. So our estimation procedure involves two main steps: (1) the
estimation of the exponential or nonlinear parameters by a generalized Spearman
estimation procedure; and (2) the estimation of the coefficients or linear para-
meters by a weighted least squares procedure after substituting the estimates
of the nonlinear parameters into the regression equations. In most tracer
experiments estimation of the exponential parameters is of primary importance

so that only the first step might be completed.

4. EVALUATION OF THE ESTIMATORS
In order to apply the estimation procedure developed in Section 3, we
need only assume that E(eij) = 0 for all i and j and that M is large enough
so that y = E[Y ()] and y. = E[Y.(»)] for all i. The consistency of
i,-M i iN i
the estimators of the exponential parameters can be shown under the following
additional assumptious:

(1) For fixed i, the random variables €540 where i=1,2,...,n and j=0,*1,%+2,...,iM
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or j=0,*1,*2,...,*(M-1),-M, are uncorrelated with finite variance such that
Var(eiM) tends to zero as M = o,
(2) For i%u and j#v, the random variables eij and €, 3Te uncorrelated.
(3) For i,s=1,2,...,n,
lim Var(u( ))

M-

exists and equals zero.

(4) For all j,d=z, .- zj is such that lim d = 0 and lim dM =

The consistency of the estimators of the exponential parameters is demonstrated

0 (s)

by Beauchamp [1966] by considering the estimators as functions of the By
estimators defined in (3.7), and applying the definition of a Riemann-Stieltjes
integral and a form of Tchebycheff's theorem given by Cramer [1946]. Using the
same set of assumptions, it can also be shown that the estimators of the linear
parameters are also consistent if these estimators are continuous functions of
the Rk's, the estimators of the exponential parameters, and if the covariance
matrix of the eij's is specified apart from a constant multiplier or is replaced
by a consistent estimator in the weighted least squares calculations.

1f 1 represents the n X 1 vector of estimators of the exponential
parameters whose true values are given by the vector A, then it can be shown that
as M - o, (i-l)/[dB(M+N-2)]% has a limiting multivariate normal distribution
under the assumptions stated at the beginning of this section plus the additional

~

assumption that the elements of A have continuous second order derivatives of

every kind with respect to the elements of H( { where
( ) - (u(l),...,ugn) gl),...,u(n) ...,u(l) ...,u(n))T and the superscript T

represents the transpose of a vector. The mean vector of this limiting distri-

bution is shown to be equal to the zero vector and the covariance matrix is given by
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Mlimw (d———-—3 1 >FE(e* e;r‘_ ) FT
(MHN-2)

l\* ~
where d,M, and N are defined in Section 3, €, = ui ). E(ugk)), F = (F

T T T,T
1Fgr e o F )

and

B

A(l),...,—:zgj-,..,, D))
Hy Oy Oky Oy

ka axk 2 oN
F =
k
~(k *
evaluated at the point ui ). ui ) for k=1,2,...,n. Each entry in this covariance

matrix exists under the assumptionms given above. The details of this demonstration

are also given by Beauchamp [1966].

5. EXAMPLE
In this section we apply the estimation technique developed in Section 3
to the set of data given in Table 1. These data have been generated for a

compartmental model represented by the following diagram for a tracer experiment:

NG

N ¢ T
; .__:515 ! 2 t 201
E -~ ‘,/

The experiment could consist of a test of the rapidity with which particulate

contamination is removed from a horizontal laminar flow clean room. Compartment

3 would represent a site near the wall where the air stream enters the laminar
flow room, while Compartments 2 and 1 would represent sites in the middle and .
at the exhaust end of such a room, respectively. Contaminants would be released
in Compartment 3 and the relative amount of contamination in each of the com-
partments would be determined at time intervals equally spaced on a logarithmic

scale.
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We now note that we have brought this example into the same framework
as the general compartmental problem discussed in Section 2. Therefore we have
a system of differential equations corresponding to those given in equation
(2.1) for n=2, For this particular example let E[Yi(x)], i=1,2,3, represent
the expected proportion of contamination present at time x in the ith compart-

ment. The following boundary conditions are satisfied:

E[Ys(x)] =1 and E[Y,(x)] = E[Yl(x)] =0at x = 0.



TABLE 1 --Data to be fitted by generalized Spearman
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estimation procedure

& 3 15 23
-5 : ~1.38630 1.00000 0.00000
-4 2 -0.69315 0.92696 0.01463
-3 1 0 0.87213 0.02986
-2 2 0.69315 0.75029 0.04675
-1 4 1.38630 0.60339 0.10608
0 8 2.07945 0.37711 0.16495
1 16 2.77260 0.18042 0.19098
2 32 3.46575 0.05943 0.14191
3 64 4.15890 0.02628 0.09154
4 128 4.85205 0.00000 0.00000
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Corresponding to equation (2.2) we have the following system of equations:

-llx -lzx -k3x
E[Yl(x)] = e + o e + o 4e s
A X A x - X
_ 1 2 3
E[Yz(x)] = ay,e + Qy,e + ayqe ,
-llx -}\Zx -A.x
E[Y3(x)] = Qq,@ + Qq,e + Qg8 5 (5.1)
where Ay = Ty, = 75,0 = 0,0y, = -1,/ (T Tp3)s G,y = 17045094 = 1,

a21 = -052 = 123/(712- T23),a23 = a32 = 053 = 0, and a31 Ty We have

the restriction that

M W
]
=

E[Y{(x)]
1 i,

i

i
for all x. Hence there are only two independent equations in (5.1), which

we take to be the first two. If we let ¢ = exp(z), and E[Yi(x)] =

1T ¥
1-E[Yl(x)], then the equation for E[Yi(x)] becomes

Blyi(2)] = ¢ exp(—xlez) + (1-a1)exp(-x2ez), (5.2)

1

which is of the same form as equation (3.1). 1In addition, if we let dz = Qyq5

then the equation for E[Yz(x)] is given by

ElY,(2)] = azexp(—llez) - azexp(—lzez), (5.3)

which is of the same form as equation (3.2).
By using the techniques presented in Section 3, we arrive at the

system of equations corresponding to (3.4) and (3.5) given by
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Kjih =% =~ Kyps

KAy ="Ky (5.4)
where A1 = Enll+ Enlz; A2 = ﬁnllﬂnlz; Kll = H§1)+ Il; K12 = u{2)+ 12- ZIlKll;
Kél = ugl); Kéz = “52)_ leKél; 11 = gn(ﬂnt)e-tdt; and 12 = éw(ﬁnt)ze-tdt.

(L (2) (1) (2
1

The estimates of u; 7, “1 s By and Hy ) for this particular example are

~

given by p§1)= -1.59148; u£2)= -4.28851; u§1)= -0.54531; and u§2)= -2.65392.

?
Substituting these values into the expressions for the K's and K 's, the system

of equations given in (5.4) becomes

It

- 2.1687OL1- L 4.81403,

2

- 0.54531L, 3.28345 (5.5)

where L1 and L2

we find L1 = ~6.02125 and L2 = 8.24425. 1In order to obtain the estimates of

are the estimates of and A,, respectively. Solving (5.5)
2) b

znkl and anz we calculate the roots of the following quadratic equation:
2
w + 6.02125w -+ 8.24425 = 0. (5.6)

The roots of (5.6) are given by Wy = -3.91595 and w, = -2.10530. We take

Ak = exp(wk), so our estimates of kl and lz are ll = 0.01990 and kz = 0.12181,

respectively.

The next step in our estimation procedure is to estimate the linear

parameters, (¢, and ¢

1 29 in equations (5.2) and (5.3). The observations in

Table 1 were generated by adding random normal deviates to calculated expected
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, 2, _ 2 _
values and taking E(elj) = Plj(l plj)/m, E(ezj) = PZj(l ij)/m’ and
E(eljezj) = -pljpzj/m, where plj = E[Yl(zj)]’ p2j = E[Yz(zj)], and m = 500

for each value of j=-4 through j=3. Therefore in this example we know the

covariance matrix @ of the random variables eij' We now rewrite our regression

model as
Zj zj zj
1 - »Y = Y - =X
Yl(zj) exp( g€ ) al[exp( 18 ) -~exp( 9 )yl + 15’
zj zj
Yz(zj) = az[exp(-kle ) -exp(-Ae Yl + € - (5.7)
1f Xl and kz were known, then the usual weighted least squares estimators of
al and az would be given by
- _ Il -1 T.-1 o~ T,
Q, = (DZQ Dz) (DZQ Yu) = (al,az) ; (5.8)
=(%20).
b, = <p z> ’

2_4 z_4 z3 z3 T
Z= (%xp(-lle ) —exp(-lze ),...,exp(-lle ) -exp(-lze {> ;

Q is the covariance matrix of the random variables eij;
z 4 z3 T
= -exp(~2,e  ),... -exp(-X, € cee,¥ > ;
Y <y1’_4 p(-2pe  )seeuyy g mexP(Ry€ 7)Yy gsneeaYa3) s

.th . .th . .
and yij represents the j observation on the i equation. We now substitute

e ~
the estimates A, and X

1 2 into equation (5.8) giving us the estimates of the
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R

parameters al and % denoted by &1 = 0.05501 and a2 = 0.30899, respectively.
Graphs showing the original data (x) with the fitted regression equations of

our model are given in Figures 1 and 2,
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